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I. LNTROCWICTION

Our problem is to muximize n differenctii.lle ifunctian, r(%x), oo mn

iimension:l vector x = (;{1,..., Xr)’ subject to the conotrednte g(x) . ¢,
. X Al
vhere g(x) 1s ¢ iirferentinble m aimen.ian .1 vector Junctiou, g ()l B s

C. H. W. Kuhn :nd . w. 'Dvcker, in their .requentl; guoted p.per

il N

and x
on lonlinew Irogriz:ing fk], pruve : thi.t if A{.) eatisfics their Con-

1
etraint Qualification,—/ the pecec. Xy contition: Jor <Y to mexivdoe iy

¢ (the Kubn-"Vucker-L . r.nge coudition:s, or

cubject tvo g(.f.) = L na X _

K‘I'L) Jre

‘C() N &O :o .
G/, .0 [e e}
A (l( a c:\) :
(KiL)
o -
AoEz) -0
(o]

= PO . . . Ve
vhere, lor exnmmle, [ 1o the vector of oourti-!l lerivivives of “(x)

c .y . . o = 5 e -
ev.lu.ted at the noint x .= HKahn wm Tueker - luo ovrove. oot 1t N(x) nd
() e conc.ve tunction., (ML) .re suriiciens conlition., far . cone

O

ctrizined orocimum.

1. See [4], pr wIFios, .l.o 1].

. In gener 1, we denote b, .uboeripst L r.ll o oillere Ul olon vith
reciect to the indic te! .roumeacc.
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A function is cancove 17 the Clore jolning ny two point, on .ny
pline profile 5 ite greoh lles ecver:~vhers on or belov iie fuiction. it
is, £(x) is conc.ve if

(3s.1) Slex + (1 - ¢):°) - e(x) + (1 - 6)(x°) (c e L1

for =11 poinisu x and <% 1n tne rcion of nefinition of (). .rite (1.1)

in the form

CAN ) T
(1.7) el + o -h,-. V) - oY Lo - :.(::o) (c - &% 1)

‘nd tnke the 14mit or the lest-nun: oli: .o & - » 2.2 Lo obuiin

vhich is un aulternutive definition of conc:.vity for (ifferenticblc functions.
The incquulit: (1.3) ctutes thet if () 1o concuve, 1t livs everywhere o
ar below 1ts tengent planec.

. furction is qussi-.concuve i1, lor e.ch re:l number ¢, the set X

det'ined by the ineculity

(1.4) £ o

ic convex. ‘hitv is. (<) 4c aurltleconcave I

1.0) p(x) . r(<®) tmolle. Cex - {1- )01 0 o(9)

for ¢ = © 5 1. Now, for 'my a <wtisfying (1.0), let

3. Bee 4], . 8u-L36. A function, 1'(x). ol sever:l vari.bles is
differentiable it (x+h) = (x) + =k + ek, vhere = 4 . vector cepending on
»~ but not on h .nd e is u vector which we. Lo zero with h. 10 ¢ runction
1s sifferentiaple, then its pertinl leriv.tives exict, wnd /= <, but the

P
existence of the p.arti..l derivi.tive. loes not nece.s rily imply diileren-
tigbliity see 2], pn. =01. In narticul.x, £ xY + Q(x - 20)) = £(x°) +

f:O(x - x°) + §, vhere = e(x - x°) goec to zero with ¢. Then,
) o 0
flx » &« ; SN U 9= %) v e o %x - x®) ae ¢ o

X X




(1.6) o) = fox + (1 -« - (%) = ().

Therefore, I''(C) = ¢. Thus, wifferenti.tin; i(e«) ;i setting « ¢iil to

zero, we have
(1.7) 2(x) > r(x° tmplier t9%(x - x

L
differentiuble quusi-concuve rfuncticns.—’

»

It i cle:r from (1.1) thet $11 conc ve “wictions e ganii-cous .ve.

It ‘1s0 c.n be showa th.t ny :aomotonic :on~.ccre.cine fw.ctlon of .« Quesa-

{

: . 9
caunc..ve func.ion -- .nd therclore o ore.ve [fociion == 1L qw.liecone .ve. =
However, not ever: cu.sl=conc .ve unction ¢ be c.iprecsen o oo otonde

<

L .
non-decre .oing MNunction o . rom.ve fwaction.- Tha. cu.cl-cone vit, i .
generalization of the notlon of conc vit.
In terms ol troeitiche]l geunosdc Wawory, . comneeVe o tiols & use

wvhich o.ticfiec the cecond orver cousitio. Jor o ~oilow, Thi.t Lo,

(1.0) R R AR G
iloger TNy

wutsileconcavity 15 o w ker-toiniition (1.8) .we.. ol heve wo hole Cor q..i-

-y

concuve functions.< A quusi-con:.ave MNnction i ane thut hoe o dfminicldng

L. The differentiution with rerpect %o ¢ i:, In e:rect, teking the direc-
tional lerivntive of #(.) .= x€ in the .ircction o the point =. It 1. clewr
from the lerinition of quesiecancrovit 2kt this eriv.tive, JU 25 cnuere the

o .
X~ X . . O\« :
term:. — e the direction co-irne: (0 = (=) ) ), uu.t be noneneg.tive.

4

For . definition of lirectionil cerivitive., see "2}, pp. O ="X:. wold (7]

defines a tunction to be cavex tuwards the orizin if (1.7) ho'i. (nis terminology

{s geametricrlly valii {rn the e he -onsider., wwere . C): Lince (1.7)
can be shown to imply quusi-cancavity, the two uefinitions re equiv lent.

Yo (1.0) cun Ve written rlax + (1-)<°) . atn (). £(x°)]. Let ¢
be " monotonic non-decrencing tranc ‘ormution. hien ¢ dovr act oo ront inge
That i.. 7(.) > £(x°) tmplies #/r( j)] = ¢ v( ¥)). Ther ore,

T 1.0 - N g Oy s .
P e+ (1=@)x & @ min (L), M(xD) ‘ince ¥ doe. not rever o oralting,
p -min 2(x). £{x°) = min .{D{ “(x)], €02( -0 . feace ('{:“(.-'.)] Ll viiecore sve.

s For extaple, J(x, ) = (=1) v (iex) o (e )]~ 15 on . U= onis v
It contour iiue. ..re sircight line. that are not par 1lel. Sec .. i
eoaple totne end of Prt IT below.  Denchel 3], . 1,4, heo provel th-t
suck: ¢« unction :wnnot be troxiormed into o couc.ve ‘wicilon Ly‘ onotor 1c
aon=incressing troncslonmeation.

“7

[« For ex.aple, x,x. 1: go.ii=co. v,
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mwrginal r.ote of subctitution L° 1& > Oy or rsi inerecsiny purrdn d r w of

trunsformation if fx < 0, between uny nir o. viriiolec, or between ‘aiy

; o} R |
cistinct composite varisblec., Lot x° i X be ny two nan-negetive vecticers

not cero wnd nct rroportion 1 to oncn other. Then, if we let

o 1 : ~
(1.9) glu, v) = (u.” + v7), w0, o,
\ - v o ~ S oy h i
(1.20) A T O N
ir £{x) 13 cu:ti-concuve tnd twies diflercntille. It cin Lloo be show
thet L8 (1.10) holus everymere, (x) 1o cu.sl-com: v,
alternatively. 10 o(x) 1. cw si-concove, (-1)";;1‘ L, .arr=1,..., 5

W for all x, vhere Dr 1= The goryered Ik Feritmuet

I C 1 ¢ '
| X, XI‘
(1.11) S R
X Xl /.l-.l .-14~r .
I [ J. - '
‘ ' \1 1 “I‘"I‘ ]

Moreover, & sulficient conditior far (%) to e qui.si-concive tar x = . i
that D have the sien (-1)F for AU :ornd Al r s 1,..., n
We seek suilcient condltion. for _:EU ~‘_ O to pesdmlze M(x) cubject to
the construint: g(x) 7 ¢ vhen (x) -ad (k) e ¢l terentichle qu-.i-concive
functiaus. It 15 not true thet (KTL) lone rc susficient condition. ror

construined mxiour, oo the .o0lloving examples flluctr.ie.

-ny monotonic function of aiwe viwrisvl: 1. cle rly qu.ci-cancrve. Let

8. These propositions wre frequently used v *he lite~-ure an utility
2unctions, but rigorous proofs starting rom the concept of quirsi-carcuvivy
seem to be lucking. we give such proof: in P.rt VI below.
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251 e(x) = (« - 1)3, X s C
and maximize it subject to the concir.int
(1.13) c(x) = 2=« w3 0.

(o] ¢ .y
If % =1, X =0, (KTL) 1¢ sctisried, yet clearly the conctridned exdoun
occurs «t x = 2, not x = 1.
. . ©
More gener:lly, let F(x) be ny juasi-conc:ve function wnd £ Ly

point, wnd let
(1.1%) o(x) = [F(x) - F(:O))°.

Ther. f(x) is quaci-conceve ‘nd hus the oo mexiic as Fx). out 07 = o,
o .t

«lthough x~ wne chocen .rbitr rily. ‘loreover, if (%) is uny vector unce

n P O, - R s G . (0] B XO .
tion for which ¢(x”) 2 0, (KTL) i. scotivtler 10 x = x° ..pd =, lthourn
o . : . <.

x  certzinly necd not be the constrainec noximum for (.:) subject to ;(x) . .

We ulso seek conditionc urder whih ([7TL) will be necessary tor -
cons trudned mexirun, when the> conturidnt: ure quaci-concive. The .ollowing

cxumple mukes clear e fict thot (KTL) .re not .1w.y: necesr.ry con.itionc,

und thut soe .ddition.l con.ition must be cotlsiied. Muouimize X1 subject

(-

to the conastruints Xy z (. : G dmle
A , 3.
(1.15) g(x) » (1 - Xy o 7.;,) )
. o) o) .
The constrained maximu: occur. .t xl s X, = , but there i: no v.luce of DN

for which (KTL) car be s.tisficd .t thut point. This exaaplce - luoo {lluctretes
the fact the.t it 1y the conotr: int functdon. ne not the carclarint oot

vhich must s.tisiy the ~.iditionl condition. .or (1.1 ) ¢

(b 16) 1o =% e

define the c:me convex set. Yet (KTL) .re rotiofiei © Wit 28 -
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vhen the constr.int is (1.16),und, in €-ct, in taic c.se (XTL) is . necess.ry
condition for « wximum. The kuhn-Tucaer Comstridnt tualification is designed
to meet the problem. Since 1t i¢ rather :anlic ! to :p;ly, in Past [II
Yelow, we precent o clopler condition Qi qu .ci-concove contur.dnte wiich,

wher satteficd, implies thet the Cenctr.in. aalific:tlen w5t b z..giziflew,

and therefore thet (KTL) .a¢ nece.s.ry £or o constr:ined ouaxirmwo.



II. OSUrTICLsNT CONDLITIOLS .°Gh . CONSu. LT .. ATl

let . relevent variable ne one “Aiich can tke on @ positive v.lue witie

-

out necessurily viol.uting the coustridintc. Or, more orm.1ly, N iS
0

»
relevant aricole 1! there 15 saue peoint in the concur .int set, ..y .0,

*
which Xy > G. Then we shell prove the ‘ollowing theorewu:
o

Theorem 1: Let #(x) be o difrerentiable quici-concave fuaction of

the n-dimensional vector », unc let g(x) be .n m-dimension.l

differentinble qu.si-cancuve vector rwiction, both lefined for x - C. Let

o ° . . .o . o
x~ wnd N o.ticdy (KTL), -nnd let one of e rollowing conuitlon. be ..tisried:

-0 3 s
() I <90 for .t l.o.:% aue virible 24
‘\i C
o

c .
(b) = >0 for same relevent voriatle Xy

i ®
[o]

(e) .;_'S 4 0 end £(x) is twice iifrerentiible in the
090
neigbborhood of .7 <

(¢) (%) is canc..ve.

Then x° v ximizes () subject to the conustridrte o{x) - ou, X o= (.

Only aue o thuse lour conlitions -- nd there no oo other. -- rnzed oo

. o . . NS S
cutisfied for 0 to maximize J(.) subject to the cousur irts, 10 (i07w) 4

setlocied ot x%.25  Condition (b) vill e .oiidoled 47 :;‘; i C. it ony
- Tt Y4
o
f‘_o oovomd A1 x re relevont (the usnel cose in cconaxic theor ), or if
1y —1g
o)
1‘:: C wnid amy 24 1s relevrnt. 17 06 . 1. releveni, che provlen. i adivl] 1.
o o
9. .t 15, .11 of the secons oricr partitl lerivetiver ol ()

exist «t x . lHowever, they nu: be equ.l to rero.

1C. In tact, we developed . series of conditionu on g(.«<) analorous o
conditions () through (d), only to discover L.t tie o ser 4 <hish e
wlied aything to concitiaue (S through () were v ocuou..
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fran () o2 (B) it Collow tho. L0 4 ¢ i Luttislont 10 2 o ruorlevant.

Merhipo Sese oo Ll lo IR SR O IR I LU O 1o
conditiony (x) muet oo.edn’ 10 e Ceoream Core nol Lpply. Lo Urom (0},

v .

£L:2) must be w qui-sl-congave Sunetion thet 15 mot soncuve: .yem (o], .-
from (b), f? = O for .1l relev.nt variusbles. e trom (). ~isher O = (.
or I‘z = 0 foxi' 1l relevant v.ri.tles .nd () 15 not twice difcrenti:ble.

Thus, 1(rfTL) 7.1l to be sullicient in ' case o the cubic trinsformc shown

0 o, . .0
in Plrt I because o = C. .0 eximwe 17 which (ATE) Tils bud I £ 0

Joliows this proo!l.

Proof: VWe use the tollowing identity:

( l) ‘,O( ‘1 Oy (l Oy, O, XO 0, XU'O(' 1 On
©a PO - ..y \ ‘- T - 0 S o\ : I
0

b3
4,
-

3 . SR 1 ) ,
I setiofies (K7, 'nd x° 1. 1a the cowstr.int cet, the Jirrt tem

on the righv-n.na sice fc ne=pecitive. a2 _econ ' were o the rieiiad

slde 1s .lso noi=poritive under Licie < litians. 1T ) S G T 3 ¢ OM)O=
J
. . o . i, O _ .. 1
nent oi the ‘erm vulshes, It )\« S, L;‘J(x ) = 9, ind the f=L she ¥ 2 L

)

i the constr.int set, thot {. :_:‘J(xl) S0, Zlies 9(x') 2 (0 or, by G

gi(;(‘ - %) ¢, meresore, for £(s<) wi (%) cunoiecone ve,

-t

1S N . .
(.7) Sl N B G Epl

LQ

[

- 1
Suppoce the theore'. ir i.lse, o< thit far come o - ( Y o, e

1 (.O . . : 0, 1 o)
hove £(x7) + 2(x7). Ve shzll Lhow th v Lo thio cewe, I (x” = %) < muict

canta-dicts (. 0).

Let h be the unit vector in the i irection.

Llowth do #ie unlt SerdssE Ll .o e STRilen e 0 Lo
e, 0).



The::, for * @ _Bhu e Lehilc ]l v G LD
_ . - .4 O
(.. 3) S L)
irou (1.,) wma ( .2),
(_.4) i(; - %)«
0 .0
Since ) <~ ¢, 1t lollows ot bt 0 O or
ity I
o]
0
(-.°) -+
dddng (.8) ond (L.0). nd recillins the delinditlon oo £, tvu hiove
- an 1 o)
(:.€) ST -7
i, cornrsdicts (L0) so the tirorer wu.t ve o Lrae.
(v) . (ror sow rolev . o .e—
i “0
o
1
Suppoie the theores I. . le. s. Luawe for caw & ‘ =::.:1) =

3

g 1 o . - . . :
bave 1(< )  1(x7).  ain e ok show (O .C) holi o et the ravro itiv
leads to . contr.lictioan.

o
Tet h be the negtive o Lhe wilt vector Lo uhe io L7 o LIRS o) TR QORI WS 1
4 1L . . , !
X & K + £ hiecbenore. Gher® e teo g weocomr ey <. o o wnd

e = @ TenElllep e MorTacE e SRR . e @ B0 M iRel Pl aat a1

o2 Coeme {003) 1o osntlosies. qein (L5) Loots (LoB). Sinee f: )
1,

.nd h 1o now the neg.tive oi the wilt vecoor, o .in (o) e (€)oo

theretore the contr-diction .ollovw. 'Muc we heve Jhown thot

1. It ewn be shown th t 10w exclule ¢ we (). CO 2 (0) re

0.0 . o :
equivilent. Clewrly x r. O impiie: *hi-t (L) 1. os.tiortew.  ut -loo, (b)
) 0,0 T o, 1 o o . 1. 0 o . 1
implies v 0. By S T an e or & kT - & # for A) x 44
4 N PES s
ie concir.dnt vet. ixcluding (), ¥®r2 _ 0. so 10 4900 i aot positive,
SO xT D oo bBut (o) wmd not () dmply 1 .U & Tor oo ¥ Lo the constr Jdat
q. ~0 * . . * C
set nd Jor saae io’ i O, ‘ol iy O, whicen ioplien oo
~1o 0
0.0 . . . 5 : . . DI B
% Ty = O Lgplies thne (b) 15 not oosic.tleq, whence (b) inplie. S

—~

(&

0. 'There.ovw
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- 10~

(:.7) (%) 1‘(xl) cor (xFY Tt 0, mT .

T Inpspe JHC remakds.: e o provd! or £ .. Dfce = 3l

‘ s 3
(&) O

ek vrdinele, diere will erlot Tome peoint day tha wswskradr U sers)

vy

x I .
lor “hich s ¢. Let x be ..iy point I the con.tr int et wil.

o}
1 »*
et w(g) & (1 - t) 7 + ¢ . Oinee the comste.dnt wet 10 zonve.,

sutisfies the coustr.dnt: for ¢ - t .. 1. loreover x, (i)  C if
Py

O

1 :
ow, x(t) wmprocches 0 .t ppracae. . [0 ( .o) rv Lola ror

abltririly close to ero, it must hoi. “or o WORE O = R T

(-.9) A(x® (e,

() 124 ¢ nd £x) 1o twice i ferensiblc fa e
a8

: . .0
nel hvorhoou 0. »

PR

—

: r o, : ©
Purtition the vector (7 inlo vy ci=vec.ors, @0 i COTrTe.. O

to we relevot e irrelev ot v ori lle: ser »ocidvel;. Thea 10 0w

the: two cure. drendd, coverc.., st crre T+ 0w e
( .10) =6, BN TR C o ror .aoe

By the lesinition o .n irrelev ot vord vl o - C oz o= tor
J

j 1 1
oy B (5 o)

sufficlent to prove that £(;°. ) .'(J'J', ¢) for w11 v - .

Detine the (unction

(.11) Plus v) -0 (- w)% ut w3l - (LS )

for 0 iw & ), ahe Wt @ ler @ oy L v Dk SR ERE L D E BUER ..

in the constraint set. Therelom, Lo prove e Lieecren

i

‘es
PO e

it 1.



Becuuse 1t {5 essentiadly ~(x) with the ruge o vriition of x rectricted
to u convex subsct of the non-negi.tive orth.nt, @(u, v) is qu.si-concuve.

Then we have

A o, 1 o
(..13) g (o 0) = (L7 - 7) =0,
ond
) —

(.14) e \

1.y 9e F & v L N / S s . - ;¥ PR . “

He waon o owrove £(1, ) L. or e ddnprove £(3, 0) 0 L. M .o,
CIREY W =l Al withebligh  ge fHect iz A Uil gt CAcdenyd; sw 11 oAy gor-

hood of cero, ¢(u, ) 1o elther worit.ve, Loro, or negtive (bu. Lo rore

~——
—~

thun one of the three). Then ve _hl shov thot ¢( O = 0 2o vy,
in = neighborhoo: ol .ero e incomp.ti-le with €(L, ) S ok, T) W

contradicts the hypotheseos ol wie uacoren.

Mrot, 1t for some u - O, (%, ) o, then by quwadecon. viz o, (1.7)
end (2.1). ¢(u, C) = O for 1l u such th t & u ' u. Lhuu, cither
¢(u, ¢) .« or ¢(1, o) ¢ or 11 a L the dctervl. Lo g{u, o) Lo, itaer
there exists same sequence o). woint. u  .ppro.chine tero oa vhao: gl -y, ) U,

.

or there doe. not. I: there loer noo, ¢(u, ¢) © Tor u o lcieatly
gmall. 17 there Jdoe., then, v quitl- roncivity wni (1.0), ¢(u, <) wn
the intervils between the poinis in the secuence, 'nd therelore £ (e L
for u = C uufficiently am.ll. ‘here-orv, cither y(u, C) = o, or @(., ) o,

or ¢(u, C) - ¢ in - nelghbor .ooc oi" a4 = C.

.’

Cleeilw, 16 @61, C) S0 G, 3 (o) Blu, ) or »11 u it he 1 owerv.l

C o e N ¢(u, C) cinmot we H (i Oy QO
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1
-

liow, suppose @(u, 0) = 0 &+ . nelsnvorhoo! o v, I ¢(l, C) ©, e
muct hinve

ﬂ(u; C) S D U

(c.1.) .
g(u, C) = TR

*
vhere u - 0. Gince, Ly (7.14L). JV( 0, tabsl Ak o dasloEm afn) o
the enuntion
(1) s (VT E (N )

3
vith 1(v) = 24, or v suiricientl. sm 1l.  ‘hie solution =i not uve

unique, but thir does not w.lZer., In .a;y C..5u,
(..1.) dles: u(v)

*

Let & - 1 - TI%T’ ‘ac¢ rorta . corbin Lio. ot tie pointe w(v). o] a2l (o, v)

vith the weishts 1 - € noe & resieccivels. fhen, (.10) ane (1. ) dmpay

(N3 S - o) (V). ev] - e(u . wv) s glu, ).

. e 5 ¢ * :i“ o 6’.’) i C( L..‘ )
(e 3)) i (et V) =
% X + .
“or tame v in the interv.l . vooLeve o Mu, ) = ¢, by (0.1Y),
so tht ( .10) wna ( .10) imoly .
(. o) o (B d Hu )
o v ! fos @ v

Nov t.lie the limits of both siides .o v .pproche. tero. b, ( .17), &
epprouches zero s v does. ﬁ-vJv——Jl appro.chec Q)V(C, ¢) vmicn is positive.

ThereZore, the right-hund side :pproaches inTinity. Since ¢v {c cif-
Jerentiiable by hypotherie, 1t i3 coatin.iousn, o it the lelt-Liong sice

*
appro:ches ﬁ‘fv(u , 0) vhich is finite. Therefore, the h.potheser le::l to -

contr-diction, ard ¢(u, C) = ¢ ‘or ‘nd (0, ) ¢ e incoumrtible.



Finully, suppose P(u, O) ° ¢ ror u  C sulitcier tly orodl.  Deline av)

as in (. .10).  lov

(>.71) lin wlv) = &
v—C

Conslier @{u, v) on the line conncctin:: th= pointc (¢, v) .o a(v), o).

Since P(u, v) 15 quosi-conceve, in. vilduc .lomg this liie must te orocwer
then or equel wo Lis vilue <t the end pointy.  LJherelore, tiv: ocirectiondl
derivative or #(u, v) ot (0, v) in we drection o u(v), ] st be noa-

negative. 'Thet i

(2 22) Wv) B0 v) - v g (Cow) o

'l 3

™ic conn be written

vy vy , s v .

(23) vy Bl ¢ (6 v,

Takines limits w5 v, w. there.ore u(v) .prroach wero, v ob in \'v(\, Q)
S v)

on the right~hund oiic. n tue 1 "t=hwi ile, e lndt o6 ———ap— . v

cpproaches zero 1o ¢uv( ;)L M AR g o0 El. CEEtVv Ui de, ©2 “Ourser
one of the hypotheses of the theorem. The limit ol the lelt-h:nd clde 1c
zero, vhich 1is & contrudiction. ‘therclore, ¢(4, C) . C for u O su.ii-
ciently smull contriwdicts the hypothicce: of e theorem, .n: prt (c) of

the theorem is proved.

/
Cony () Bis concwe.-]:-l-‘"

15 ™ic ic o -uplicetdian of (1.7) vo P(u, v).

1k, Tis {s more gener:nl thun the Kuhnu-Tucker Theorem bec- .use the
comporents of g(x) .re ccsumed to be quuci-concave rather th n concuve.
See i),



P-Loky

N

bt

1 Yoo
) for 1Y T . L, gfa

(1.3) ad (.2) taply £(x%) . r(-
completes the proof oif Theorern: 1.

Jdow we shadl canctruct 1.plicdicl, 4 erensi vle (in St continuoucly
Ji*¢rerentiable) quasi-concave unctiom vhict votizitec (KIL) ot o point ;:o with
0{ C, out which vozt not hive - con tridrnes Lol 4 thet point.  The exianmle

is cdecigned to shov thot altiouy tie condition ol “wice !ferentiibilit,, conui-

tion (¢) of +he theorem, crn be w: Jened, it cuninot pe uispensed wiih ltogether.

Ly 00 oI GO o6 oo o S RN o G UGG o TG B B - i SO -
. o , \ 14 . . P
STTA8 1T T (TR 0 4 LR G s e E S I o o

anel-hoorhoo:. o (G, ) z.

lne exiample will wve chose: so ..t o(, ) 3, -‘((.:, ) = =120 4 for
~ & . ana l/los  for X . iiven tne vedinivian of (4, o) on thr wwo

Stes, we complete the oridnitior &, peuipine oe..t Dl the level curve  be
e daht liwed, which ivBurex @i fum d-cleriiyils of @it ehemric: Hermsdls,
Jor way Piwe: vedue of Ux, ;). iy 3 we deldney Aoz) s twe golution of
the. cquetion, (s« ) = z. Then ho level curve .(x, y) = ¢ lr*erocctc the
4o X(z2) aw o Jhe yeexls oty - L. 10 wie level curve fn to oe

=S LA,

strafght line, ... (x, 0 I SR WO ), SO o D B RIS o

ey ﬁ'_).ut L

For “fwe. x .ni gy, then, ©(. y) 1. <ne unlgae positive viiiwe ¢ & Zor

wvhich {..24) 1s sctistied (excent that (¢, ¥) = ¢ for x a y a ().

Since f (0, C) = C, rb(o. C) =1, (KTL) is siticfied .t tle origin for

“

the constraint, - , (, with p 1. sut the origin {c not . :anctr ineu

.

mexivam, L0 remcdn: oul;y co show thot U s v ocontinaoull  irreren-

Liable. The canctrue tion mukew clewr, ..0: Lt dvgy e Jhea en.l;vi=lly, thit



no diftficulty coul: arise except porcivl B die oript-,. The nwlens

tnd L'y can be evaluated from (... 4) by Lsplicit {il.erenti.tion, . crrxrul
piassege to the 1limit oo X and  botl  wnprotwcu cero tnow. th U Ot nre con-

1.

tinuous, with :‘_( appro.ching cero 'w: I porowcii;

-
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III. ECEZS8ARY COWDITICNS .OR .. COul e LD (L XL UL

kKuhn <nd Tucker '] showea thet (KTL) :re nece.:.ry comlltionc far
conctr.ined mximum provi.ed whe conciraint uncuoons o{x) s.tinly ¢ Ccondde

tion termed by thenm the Conuvtraint «u lilic -tion. 0 Cwale e conlatlion,

we derine . cont.ine: naih in the (idlrection & = \&1,..., crl) Lo e

vector ifunction Y (&), duefinci ror the rewl viriible e 5 © it ni interve
beginuing .t e = o, wnoue vedueo ore points in tue constroint set, wand
differentiable =t ¢ = C vith ¥Y'(¢) = &. the Con: triint @u .lificition ther
require. that for (ny i(o in the conctrain* set, there {. i cont.inci p.ta

(o}
with W(C) » ¥ in ny direction & u.ticfyin: the conlition:

o
g ! .
(3.1) ir ._',“( :O) = (. then g'_‘J (; 2,
= , { - ~ l! /
(3.2) S I = ¢, then (‘:;i O

To grucp the meuning o0 thewe coniition., con:ilier :way constreint, L;J(.-;) 2L,
S o . , Jo . o . .
e fective st ¥ . ‘the rangent Lyperv.i.ne, g° (:: = x) = (, taen ldviceo the
Py

spuce into two hulf-sypuces (provide. ,;fo,' ¢), are of which con- ins the

corctraint set. Then the uirection .otisiving (3.1) muet noint into or

1lon; the boun.iryy o tiuit hi lfesw. . sl o orenerk aivnliel to the
el'fective non-ncgitivity conctrirt... Then the Consturuint uililix:tion

requires thut Zor every direction (roc 2wt pointe into ar long tac
bounusriec 0. the uppropricte halit-cpces .or o weh cifective counltr:int,
there 1is vowe potii which begings ot i{o in the :1irectiou ﬁ 411 of vhooe pointo
in some neighborhoo! of i(o ¢ in the con - tr .int set. A Kuhre nd Tucker
point out, the Construint Quilific.tion L¢ wesnigned to rul:: out cuch singu~
larities us outward pointing cuvp: :t the bouniary or tic cacoradnt set .t

vhich A's we.iistying (KTL) nn, not exioe.

15. Kuhn und Tucker 4], p. 483, require the path to be differentiuble
but & careful reading of their proof (p. 484) shows that only differentiability

at @ = 0 is used.
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In '1), eome stumpler condition. which, when ..tiellce, imnly thet the

Construint Juulification 1c c.ticried werce stecde .. e cuel conaition 1o

thet g(x) be linecar. .inother it thut o(x) be comcwve :nd that lror some
L » 16/
X 20, g(«) »¢C (thut 15, e ch coor.iliite is positive).—' I the coustr..int:

c(x) wrise from a provlem in ncliviiy anelyods, taen thin condition wowanc

thnat 1t 15 possible to reduce ¢11 initi:l v 1levilitie. o: priicr;

COrDIou=
iticc to come extent —nd still nrowuce = pocitive ‘mount of cach lntermeai:te

anc {'inal good.

Since we are interectec hare in qu.ci-concove costraints, we chill

generulize the latier -conditian.

Theorew let 3(x) be o wecipencion.l Jir.c-enticvle gu.cl-corc .ve vector

#* *
function. let g(x ) . C ror sow: x . €, u tor each J let elsher

() j_;i(x) be cani.ve, Or

o
(b) for euch x° in *he constriint €t &{j g.

- A . . o} -
Then g(x) scetialles e Comgtr 4nt .. Jidde tlem. ‘here.icre, i.' & ruoidesdice

cny uifterenticble tunction () wuiovcs e o() 0, (ITL) muct be

5 wohisiie
- ' ~ . s 0 *

Proof: (FH £ )' C. ther () © ( %» some nelghivorhool o & in vhich we

qual finm o« Lot wom thes % o K. e, BFROWE Yas) el girneriddt o, & TS

sSuppocs:

1¢.  This conuition v uoec oo Saoter (6] in o the e 1nowhich ()
is Jloo socuniia concuve.,



(3.3)

L
Since x belonge to the constraint zetd, .1l variavles wre relesnt.  BF
. o
T 'y O ) i
gl (x ) > g () = v, g“(%) 1r quusi-co.cuve wnu g * G, then by the wrge

2ent use. in the prool o. porits (=) .ne () o Theoren i, it 1oliow  uaei
. * o
(3.4) z,‘) (~ - x) C.

i g‘J(y) {5 concave, (3.4) rollov: from (1.3).

We now mrocced alonc line. simil.r Lo thce nrcol of Meorcn $ oin (1],
Jor any & sutlsfying (3.1) und (3.2), aefine x(6) = x” + 0&. I. x(&)
belogs to the constreint set for some & © ¢, then irom the line xrity of
x(@) uand the conve..ity of the coustr int oo, {t follows thit x(e) veloug.
to the canstruint set ror .11 vilues ol & lev. tiw 6. “heresore, (&) i
¢ contained puth in whe uirectiou &, .d the reouirement of the Cocctrrins
wwlification 15 sutdoried. I x(e) doec rot beloar to whe consridnt uet
for wny & ° 0, 1erine « (&) .5 the Lx;e o vidue 0o /< ruch @h .t the poincs
(1 -/,c)_}_:* + wx(€) lies in the comstrednt et for & 7 0. Let «(C) = I

17 x(@) ocs not belaig to the coniwr.dnt cet for & (. clorxrls w(6) - 1
Tfor ¢ > (. Ilow derine
(3.5) W(e) = 1 (e)]] + a(e)e). ‘.0
We chall chow thet V(@) is . contained petl in the .irection &, vhence
“gain the requirement o the Constr.int Ju.dirfic.tdan will b ol des ond
our Theorem will be proved.

By construction Y(6) belongs ¢ wie conuuruinc set for All &, uu
VY(0) = Eo' Hence, wc need only show “hat Y (&) is uifrerenti bic 2t & =

end y'(0) = $ Difrerentinting (3..) nd setting € = C, e have
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(3.6) Yi(e) = (0 - Sper(l) + £,

Thus, s wut chowa in section 4.4 or 1), shouing that W'(C) = & 1o equi-
vulent to showing that «¢(€) Lo dif erentirble ot & = o, ;d wn.t 2 (C) = C.
We ghall prove thic by chowing th.t the contr ), wodla ler: to o contre-
Ciction. Suppose then th.t «(€) i. not iirferertiible @t e - ( or th.t
/4'(0) # 0. Then, sincc _«&(€) « 1 =« «(C) ror ¢ = C tuerc wuat exict o

sequeace ol viluec of e, {GD} wosreaciiing: 2epe = o grow: Ifrge cuel thrat

(3.7) 1im ‘ﬂ%) 24

. Do n

= ac - (,

vhere ¢ m.y possibly e ininice.

Firct, we shall chow thot «(6) is continuou. .., & = L, .. cherc.ore

o

* &
that ,'1(6“) .puroiche: 1 ar & cpprorche. zero. Since (i) 0 ool 4 0L,

i -

1t is clewr thot vor mny given ¢, i. »oriicul:r 61" /l =//1(&-1) . ¢. Tor

«

eny @ in the intervrl O a2 & = &,, foru the convex caitin. tlon (intern .1

1’
+*

. ol - A \ v ro LR} ‘N Wy EAEN

average) ol the points (1 - /él): + (0] o x itk the mightc

] 7 - o T 6TV 4 - o - &
§ &+ ¢ 1(61 &)) //l(ul &) & +//l(01 ¢)]

recpectively. 'Me convex cailnciiem 1.

‘ Mt U i .
(3.9) 3 ’_//[l(c—l ) st z +/71(.1 —y (8).

*
) +/[l__.(61) ‘ne < nre both 1in

Since, by the derinitian o w(6), (1 - 4,
the conctraint cet, tvhe convexity oo the conociuruint <t dumlic: thot the
convex combineiian (3.0) must :lio wx i the com .trelnt cet.  giin, b, the

derinition ol/é(c) ~nd by (5.9),

.
(3.9) 1:/(4)36*//:}{-_@'
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1o @ ipproaches zero, tne richt-h o Ll o Shierclore /(b) ppro.ch 1.

There.ore, «(®) 1¢ camtiinusi. L& O Til: fmlier that

(3.1) lin /z(cn) = 1.

n—» o°
ilow we proceed to uvic tin4 (5.7) comtricict. either (35.4) or (3.3).
Choose « finite v:lue or L wucn thet © o« b <oy tnu el
n . » .
(3.11) x = "1 -/L(Gn) 2 bCr']“. + ‘//(cq) + bcr].;(cn).
cither there 1o un inJinite tub-sequeice orn vhichn

It

(3.17) S

or there i: . sui=ccquence o3y whicn, {or ecacb .,

(3.13) ;.‘; <0

N 17/
for vuww 1.—1/

Suppose (3.1:) nolds. ¥ rectrdicuin: ourielvels o e oaelevont sabe
sequence, we miy Shprote vithot looo o. gever it ihet (3.17) holds Jor

a1l n. by the ds.iniiion u:'/l-(-n), ;07 canot Lelonyg Lo ihe constrict set

if G'n T 0. dhere’ore, Jor coch u in the subt-. s guence,

(3.154) I

for sowe J. Since the sub-.cquenc: an which (3.17) holds is inlinite, dbut
there are only ¢ inite nuaber or conutr .Ants CJ(.\'), there must be ot lecst
one corstraint for vhich (3.1.) holus Jor iniinitel: mony n. Uy restricting
our attention to2 this subewouence, W no wowe, oo dn without lons oo

generclity, thut (3.14) holuc sor 1) o L. osaoe swecivic §. Since _{_(n
cpproaches _}_co 8 N growe lurge, we muct v () . U Since _C i in the

canstar.int set,

17. Of course, bcuh coula 2cld nldio.
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(3.15) d(x°%) = o.

Now, select a direction <~ whirh scutisries the hypotheses of the Con-

straint Quulificatian. From (3.15) und (3.1)
3.
(31-6) Bs % = G

From (3.14). (3.15) und quasi-comcuvity (i.7), it follows that

(3.17) g (M- ) L g,
ar, if both sides ure diviced by Gn - Q,
Jron x° - s
(3'18) g},(x) — z O.
) n
From the definition of fn, (3.11), we have
0O
0o .n . " x(¢ ) - x
(3]_9) x—o-i o {}ﬂ%iw = '.} (:{o ="he ) - {_&0—_}[/1(011) + wn],
n n n

Recall frem (3.7) that lim d—(fng—l = -c, vhile Un [« (¢ ) + b9 J= L,

n-»<° n n *°°

x( e
and, fram the defini‘iom of x(On), _o%)___ = £ . Thus, we huve

n
Xo - xn o *
(3.20) Um 2= = (c-0)(x° - x) - &
n e n
But since lim x" = x° , tcking the limit o (3.19) us n—- o< and applying
n oo
(3.20) ylelds
o O
(3.22) (c-vgl (°-x"-e &

.‘Jo o LA
Since ¢ > b, and in view of (3.16), we must h:ve g¥ (x - x ) 7 ¢, which

contradicts (3.4). Therefore, we have shown th:t when (3.12) holds, the
supposition thet .« (0) # C leads to '. contrudictiam.
1r (3.12) does not hold, (3.13) must. .goin by restricting ourselves

to the relevant sub-sequence, we m.y supposc without loss of generulity that
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(3.13) holds for all n, and far some 1. Since, by hypothesis, x° o C, if

o

(3.13) holds we must have x; = 0. Thus, 1f <7 {5 to satisfy the hymtheses
of the theoren,
(3'%) /f-i ;' .
Also, from (3.13), for On > C, recalling that xi =i Ok

° n

PR PO
(3.23) - = 0

n

If we take the ith component of (3.20), and apply (3.23), we have

(c - D)(x{ - x}) - & 20 ar, from (3.22),
(3.24) - (c - b)x: )

or x: $ 0, in coantradiction to (3.3).
Thus, ve have shown thai the supposition that . '(0) # O leads to «
centradiction. Therefore (&) 1is & contiined path in direction .-, whence,
given the hypotheses of the theurem i contalned puth ecxists and the theorem

is proved.
If the hypotheses of Theorems 1 :nd 2 both hold, (KTL) are necescury

and sufficient for a constrained mexirmum.
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IV. EXTEMSIONS OF THE THEORESB

(1) Dropping the Non-neg:tivity Comnstrointc.

If £(x) and g(x) cre defined for 11 x, und not Just for thoce vealues
in the non-negative orthant, the conditians (), (b), wnd (c) of Purt II
become merely f: ;‘ O, for in ertect, «ll variables becowe relevant. That

8)
18, in the proof of condition (b), we cun now comstruct x° = xl + «h,

vhere h 1 the negative of tle unit vector in the _10th direction, even 1if

_J_c'} = 0, for the proof depends on the existence of f(x”), und not on x'
o

being in the coustraint set. Thus we can say thet (KTL) is sufficient lor
J_:o to maximize f(x) subject to g(x) Z O, where f(x) und g(x) ure difreren-
tiable quesi-concive functions nrovided thot either (&) fi# 0, or (b) r(x)
is concave.

In this cose, the first two lines of (KTL) become simply 1': + \ogi a Q.

* »*
The analogue of Theorem 2 also holus. If g(x ) > O for some x , and far
o
, . fe)
each J, g‘J(x) is concuve or quusi-conc.ve cnd gg # O ror «1i x  in the

constraint set, (KTL) rwe neccacsury ior . constriined maximum.

(2) Equality Constraints.

The constraint g(x) = O can be expressed by the two inequulity con-
straints g(x) - 0 and -g(x) - 0. Tus, 1f g(x) and -g(x) wre voth quasi-
cancave, u6 they will be, for example, if ;(x) {: lliear, Thearem 1 cun
be applied.

In this cese, the lact two lines c” (¥T7.) becone simply sl = G

There is no analegue of Theorem 2 here. However, we have clready

pointed out that if g(x) 15 linear, (KTL) is neceusury for o nuximurn.
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(3) Unconstrained Maxim:.
First, suprose that all vuriables must be non~neg.tive, but that there
wre no other construints. Since 21l vuriibles are relevent, candition: (),

(v), and (c) of Part II become ff: # 0 s in (1) .vove. (KTL) becowmer

fii 0, xof: 2 0. These ctatewents together imply that x° maximizes the

quasi-concave functiou £(x) for x 2 O if either (u) t’:; 0, f‘?_ # 0, nnd

xof: = 0, or (%) 1’:: 2 0 and £(«) is concuave. ™e firet condition requires

thet the uswl first-order conditiones for u mximum be sutisfied with at
least one corner variable. In effect, the existence of the corner variable
rules out such possihilities s that the upparent maximum wes produced by
4 cubic transrormaticm.

The Constraint Quclification 1s autmatically satisfied in this cuse.

O

Hence, for non-negative viriubles, f_ 0.0

=0 x Ix = 0 15 necessury for un

unconstruined meximum for any Jdifferentisble r(x).

I the variebles are not required to be non-negative, (KTL) becomes

Q

1'){ = 0. As the exumples =t the end of Purt I show, no conclus.on cun be

drawn in general from (KTI.) unless £(:) is concave in which case the condi-

tion 1s cleurly sufficient for a maximun.
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V. ECONOGMIC APPLICATIONS

(1) Consumer Demund.

The fundamental propert) of the utility function in the theory or con-
sums~ demand is that the indifference curvec define convex sets or & dim nishing
marginal rute of substitution. Thus, the minimel property of a1l utility
functions is quasi-concavity. The prupositions of consumexr demand theory
such a; the basic Weak Axiom of Reveuled Preference ollow directly {rom
quasi-concavity without cppeal to bordered determinints ol purtiid derive-
tives, monotonic transfarm:tions cnd the like.

let the utility ruziction u(x) be quasi-concuve und ussume nonesutiation,

that 18 u® > O for same x,. Then the usu:l first order conditioms ure

Xg i

necessary and sufficieant for a constrained miximum. Iet _::'o satisly the
conditions
o ~0C
u - T p IO (1=1,..., n)
1 i
(5.1) xg (ug = X )=o0
1 1
Nis-x2y J=0
i x1

vhere P, > 0 1s the price of a unit of x, tnd B ic the consumer's budget.
i
Then x° maximizes u(x) subject to the canstruint: B - o, P,

> o

i
Moreover, if )\o > 0, and the assumption of nan-sctiation acsures trhat it

vill be, _)50 minimize= the cost ol attaining u(xo), far 1t maximizes -Zbcl P,
i

subject to the constraints u(x) - u(x®) 2 ¢ und X g 0.§/

1B. & o0, p >0, and w® - DO ) S C imply X no. me
X X X X
10 io 10 10
first two lines of (KTL) for the secand maxirmm protlem ure SRR & uz 50
i i

and x:(-px +/z.°u: ) =0, or (b.1) with «° 2 W P

i
The sufficiency of (5.1) for consumers' demand theory is widely ussumed:
however, the only rigorous proof, under rather severe rejularity conditioms,
is that of Wold (7], Theorem 6, p. 87.
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(?) Productien.

The theory of efficient production ccn now be extended to include
production functions that cre quuai- concuve but not concave, that 1 to
those cases in vhich there cre increasing returns to scule but ¢ diminishing
marginal rete of substitution.

Suppose, for example, that an enterprise carries on moduction in a cet
of independent processes vhich transform purchi.sed inputs into intermediute
goods vhich are not truded on the market, und both into outputs. Lat the
scale or intensity of the _1’t'h process be measured by the variuble Xy let
the jm output or input into the _f'h process be » monotanic functiom Eij(xi)
that is positive if thce commodity in question is 2n cutput of the process,
negetive if 1%t 15 an input. [umber the finul ocutputs §J = 1,..., o, the
purchosed inputs, J = = +1,..., m.,, the intermedicte goods, J = o, +1,..., m,
and let therv be n processes. Then the net output or input of the ;m

camnodity will be

n

(5.2) 3J(X) = 151 &y (xi).

Now, consider the problem of deriving the minimm cost method of

producing n fixed set of outputs ut given input prices. let the price of

m?_
the _Jth cammodity be Py Then the p.ooolem is to meximize I p.g.(x),
J=m1+1 37
subject to the outpui-level constraints gd(x) - gJ(xo) =0 J=l,.... m, and

the coustruints that the net outputs of the intermediate goods not be negative,
ar if v let c‘;J represcent init‘ 1 stocks, that the net consumption of inter-
mediute goods not exceed the initial stocks, that is gJ(x) + (;J 20,

J-n2+l,'.., m.
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Under vhat conditions will thic problem coticry the hypotheces of

Theorem 17 Since any monotonic function of one variable is quaci-conc.ve,
the functioms 61J(xi) are quasi-cancuve. But here we encounter : difforence
between concave and quasi-concuve functions which is important {rom the
point of view of applications to economic theory. While non-neg:i.tive lineur
coubinations of concave functions cre clso concuve, non-negative linecr
combinations of quusi-concive functions tre not necesswrily quusi-concuve.
AB & consequence, the hypothesiir of quisi-concavity cannot replace the
stronger hypothesis of concavity in muny parts of econamic theary.

Consider one of the output construints, gJ(x) = gd(xo) = 0, or

n
. , ,,,o >
(5.3) 151 8y5(xg) - e,z o

Far cutputs, we have 81'.3(}(1) 2 0. 1Ir g’iJ(xi) X gi,j(xi) 15 concave, und

55, with g),(x,) 5 ©
therefore, 8o is g (xi . Oy gij(‘(i) O for cne process, with gij(xi) <

J
for all the others. gJ(x) can be, though is not necessurily, aquusi-concuve.
Ir gh(xi) > 0 for two ar more uctivitiec, CJ(.Y.) cannot be quasi-concuve.
Far, if gJ(x) 11 quasi-cencave, the marcinul rate of substitution between
any peir of inputs must be diminishing, .11 other inputs held canstent.
That 18, fram (1.10), holding, for example, «

xn concstant,

0.2/

3)"']

(5.4) (g/,)" &1y *+ (6),) &=

Thus, it is poscible for ecither giJ or Sfd 1o Lo pocitive tihout violating
(1.10),but clearly both connot be positive, and similirly Zar every other

puir of processes. Therefore, 31‘3 (xi) .+ 0 far ..t most ane process if gJ(x)
is to be quasi-concave. The sume 15 true .'or the co.struinis an the uce of

15. The inequality (5.4) 1is u necessary condition for (5.3) to be quasi-
concave but it is not sufficient. For the corresponding sufficlent concitiom,

see Port VI below.
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intermediate goods.
m,

what about the maximwnd, L  p.g
J:m1+1 J J
concave, their linear combination will Le n.lso. But 1f way are quucl-concave
o~
aund not concave, the quasie-concevity of I pJgJ(::) cannot be gu.runteed
J:m1+l

independently of the prices. Thus, the only wuy for Thearenm 1 to be upplicuble

(x)? If the functions gJ(x) .re

for all cets of prices is for there to be diminiching or constant returns to
scole in the use of the inputs. HNowever, for sny given vet of pricec we m.y
heve o limited umount of incre.sing returnc in the use of inpute ae.cured
in money terms.

Orn the other hand, to :pply Theorem 1 to profit muximizution, we
muximize I p

J
J=1
Nov there can be a limited umount of increusing returnce with regurd to inter-

gJ(x) subject to the construints gJ(x) + &J e L J=m+l,..., o

mediate goods, but not, in gereral, with regard to outputs or to inputs
purchased on the market (unless trere is Just one output and no purchaced
inputs). Again, for uny given uvet oI price., & ce-tuin smount of increasing
returns in outputs or purchused inputs mencured in money can be tolerated.

Alternatively, let & firm's production function be

a p
Y=K0~LB:[Ka+ﬁLa.+;3]u.+ﬁ (@ >0, B : 0).

(5.5)

This function will be quasi-concave but not concave vhen a + 3 > 1. Then,
Theorem 1 wvill aprly to the probvlem of determining the efficient combinution
of inputs, given any specified output, but it will not be applicadble to the
profit maximization problem. That is, the problem of minimizing rK + wL,

or of maximizing -(rK + wL), where r und v ure the costs of u unit of K und

L respectivly, subject to the constraints Y - YO 2 0, L2 C, K 2 O, saticfies

the hypotheses of Theorem 1. But the problem of maximizing



T(K, L) = pKa'LB - rK - vL, subject to K& O, L 2 C does not J.tisfy the

hypotheses of Theorem 1 because T (K, L) is not quusi-conc.ve.

(3) Welfare Bconomics.

Suppose that society's over-ull production possibility function lic
quasi-concrve. The problem of determining an efficient cllocution of
resources (o Pareto optimum) cun then be formuluted us the problem of
meximizing the utility of ome household (u quasi-concuve function) cubject
to the constraints (ulso quusi-concave) thut tot:l output is within society'c
production possibilities end that the utilities of 211 other houscholds ure

at least equul to specified levels.
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VI. PROPERTIES OF CQUABI-CONCAVE FUNCTIONS

In Pert I, we gave several clternutive definitiouc ot quusi-concuvicy.
Although the equivalence of these definitions, or their relationships when
they are not strictly equivelent, ceemc to be rather generally understood,
we have been unuble to find in the literature either a proof of the equi-
vulence of quasi-concavit; and diminishing murginal rutes of substitution
(or increasing marginal rates of transformetion), or u sta‘ement of the
relationship bvetween quasi-concavity und the signc of the dbordered deter-
minants nf partial derivatives of quusi-concuve mnctions.ﬁ’/ There ‘aue,
we provide both here.

lat £(x) be r twice iifferentiuble ;'zcl-concave function, - let x°
und _)_cl be uny two non-negative vectars, not zero :nd not proportion:l to

euchk other. let
1 .
(6.1) g(u, v) = e(ux® + vx), u, v Z O.

Ten f(x) is ounsi-concuve if rad only if g(u, v) is quasi-conceve for 1l
x® and xl. Cleurly the quuii-concuvity of f(x) implies thot of &(u, v).
On the other hand, if g(u, v) is quusi-cancuve, then, in particul.r, tor

05951, we have

(6.2) clex® + (1 - 6):11 = 5(e, 1 - €) o min [g(0, 1), &(1, )] -
min [ £(x9), £(x1)].

1t (6.2) holds for all 50 and xl, we have the quusi-concuvity of £(x) by

definitian.

20. Wold [7), Theorem 5, pp. 85-86, stotes the reletion between the
signs of tbe berdered determinants and convexity ol indifference surfaces to
the origin, vhich is equivalent to quuci-comcavity (see Theorem 4), under
conditions more restrictive than those studied here.
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Censider any locus of >oints on which g(u, v) is conctant. Along this

locus, %‘-" s - 5 If fx > ( everyvhere, us is normully the cese in utility
v

theary, g, > 0 and gy - Q, und-Z—v-u is known as the murgiinul rate of substitu-

tion between the composite comnodities _z_no and 51. 1f £(x) is quasi-conceve,

d B
the marginal rate of substitution is diminishing. That is, — (-;:-\Yl) S0 If

f: < O everywvhere, as is normally .ssumed in production theory (-f‘x being

interpreted as narginal costs), gu < 0 and &, ~ 0, und ? is known as _tk_xe'
u
mrginal rate of trunsfarmation between the composite commodities x° und x7,

and 1f f(x) 18 quusi-conccve, the murginal rite of transformition is
3 8
Jd vy

increacing. Thut is, 3 (.Q) L

In arder o prove thece statements, observe that

d &V bl I A

——— —— [ e [ P - :) r A -
(6.3) av (E‘u) _3 8y Byy € iy By T Ey 8‘uu]'

Sy

Thugs, i &, €, we have 1 diminishing marginal rite of substitution, or if
gu < 0, we huve an increasing oirginal rate of trwnsformation, 1f e
expression in brackets in (6.3) is less than or equul to zero. Theretfore, to

prove our propositions, we shall prove the followin: theoren.

Theeren 3: The tvice differentiable fumctioam g(u, v) with g - Cand g >0

everyvhere, or g < O and g« O everywhere, is quusi-concave if and only

ol
e

ifg g - £ & & +E g S On

Proof: Since &, and g, are both positive or both negative, the implici:

relation g(u, v) = c defines u us = functien of v. Let the runction be

(6.4) u = h(v).

o)
Consider the case in which &, > 0 wnd &, > 0. By hypothesis, -L—l—‘q‘l = 0 so

5|

A

that h(v) 1s 3 convex functim.
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‘et (u°, v%) and (ul, vl) be any two pointc on the level curve glu, v) = c.
Then
(6.5) W© = n(v®), ul s n(A).

et (W2, v) = (1 - @)’ v + o(ul, vh), for €L €L 1. Then, tram (6.5),

and the convexity of h(v),

(6.6) n(v') S (1 - &)B(v°) + en(v) = (1 - €)u®+ = .
If g, ° 0, it follows from the derini’iom of h(v) tnat
(6.7) c = s’h(vg), vilo g, v,
o 0 1 1
so thet g(a, v ) = g(u’, v') impliec
(6.8) g (1- 9% v0) +e(ul, vHIoe® v, (czeil)

Quasi~-concavi.y follows immediately. Suppose g(ul, vl) > g(u® v . Let

¢' be the largest velue of & for vhich
o o . 11 o} o}
(1= 0)(u”, v) +w(u’, v)I = o(u, v).

@] 5}
Now, let (u”, ) = (1 - 0" )(u’, v°) + G'(ul, vl). I C S0 L ¢, v can

(0]

N )
write (1 - &)(0%, v°) + o(u}, v&) = (1 -t)(u® v®) + t{u, v°) vhere t : /0",

Since g(ug, ve) = g(uo, v°), we hiove showm that
(6.9) gl(1 - €)(u® v°) + o(ul, v1)1 = el(1- £)(u° vO) + tlu”, v)] 2 g(u® +v°)

for 05 €3 @'. (On the other hund, by continuity und the definition of &',

[
(6.10) g8.(1- 0)(u% v%) + o(uh, vH] - (% V)
’
for €' < @ = 1. Thus g satisfies (1.5) und ic therefore q~wsi-concuve.
mth.omcmbeprawdmasmihmmmmermt.hccmeinwhich%* C
and &, < 0 and there is an increasing marginul rute of tranelormu.tion.

Finally, we shall prove that the quasi-concovity of g(u, v) irplies
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(6.12) I I A
Consider any pair of points (u°, v°) and (ul. vl) such thut g(u®, v°) = g(ul, vl).
Frow (1.7) we have

(ul - uo)gﬁ + (v1 - vo)gv G

(6.12) 1, 1
Y, = ©

(@€ - uh)g = (v - v

vhich, when udded, lmply

o 1,,1 0 o_ 1 1_ .0 U
(6.13) (g, = & )(u” - u) + (g, - 6){v" - v
L0
1l o) 1 o] o e
Iet k= u - u. Inthelindt,forksmllenou.gh.v-v=-}e——o. \
&v ’
stituting these relutionships into (6.13) und dividing through by -k , we
obtiin
g8 g:
o o "u 0 o o. o, ) © _©
Su(u *k, v oek=) - gu(u V) R gv(u +k, v -a—g—s) gv(u v
(6.14) S ,__\; <o
k gv K

Teking limits 45 1 upproaches zero, .nid multiplying both sides o g;:/, e
obtuin (6.11).

Nov consider the bordiered asterminint D defined by (1.11). ‘e relation-
ship between the property of quusi~-concavity -nd the signs of I)r is given

by the following theorem.

Theorem !:: A sufficient candition for #(x) to be quusi-cancave for x ;5 0

ic_that the sign of D be the same as the sign o;{“(-l)r for ¢1l x unu all
- " /R

r=1..., n. A necessury condition for f(x) to be gquasi-conceve ie that

(-1)"D_ 20 for r=1,..., o, for all x.

’
Proof: We shull begin by proving the sufticient conditiom. If (-l)rDr >0

for all r for any point 50, then, by the usual second-order canditiomns for



. construined mexiimum, _zgo 1c ¢ strict locul meximum of (k) subject to the

constraint fzx . r)‘(’x°..::'l/ let x* 3 U be ~ny point xb for which

-, = Vol N
(0-1)) 1 X 5 AxA .

ve shull prove that £(x1) 5 £(x°), Wt 15, t » x° 15 4 globil construined

muximm subject to (6.15). Let

(6.16) (6) = (1 - ¢)x° + ext,
end
(6.17) 2(e) = £14(6)].

Then let Oo be the 1lagest v-lue of & Jor “hilch F(O) wwes ico mintrmnm Lo
the interval (¢, 1]. W%we sh.ll chow that Go < 1 le.ds to » conmtradictiaon.

IT @ = Oo <> 1, then F'(G-o) 2 ( becruce F(GO) ie & minirpm. I Oo = 0O,

then F'(0) Z O, so that I’i(xl - x%) 5 0. but from (6.15), F'(0) 5 0, co
that P'(C) = C. Hence, in edther cuse, r'(co) = 0, or

0o 1 o
(6.18) r (x7 =« x) =¢C 1fo;oo- 1es

Since x(oo +h) - .-:(Oo) = h(x1 - x%), 1t rollew: ram (6.13) th.t
&

(6.19) j,'xo[x(co + 1) - x(6 )] = o.

But, by asoummaption. (6.10) implies thet x(a,o) 4 . ctrict locul maxirme:
Y 9]

of £(x) subject to £ % = £ %x(6 ), so thut £ (6 + h)] < £ x(¢ )], for
X X 0 o o

b positive und sufficiently sm:ll. This contradicts the celinition of Oo

as the minirmm ot 1(@). It follows that we cannot hive e, 1, so thut

1
Oo = 1 and in particuler, F(1) 5 F(C), or #(x ) . 1‘(x"‘).
“Ye Luve thuc shown that any point _g_co 1 ¢ globlld constrwined meximum

ot 1{x) subject to the construints x : G .nd

21. Bee, for example, (5], pp. 376-379.
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(6.20) % 1 £9°,
X X

1

Now, let gco and X~ be any two points, und let X be a convex combination

20N
(thet 4s, an internal weighted aversge) of them. Since £ X" 15 cn internal

2 2
average of fxxo and fxxl, it must be it least us great <o the lescser. That

Ol < 2.8 1 -

13, wa must have either fix = £ x° or f;x S f;(x". Since 5 noximizes
£(x) subject to fix S fixe, we must then huve either I‘(x'?) 2 o(x°) ar
f(xz) 2 r(xl), and, 1in either cnse

(6.21) ?(x) 2 min  £(x%), ()],

so that f(x) is quasi-concave.

To prove the necessity coudition, first comcider cny x° - C. I £ = G,
D, = 0 cnd the necessity con'ition s wutamatically sctisfied. If Lf ¥ 0,
consider the maximizutian of ©(x) subject to the canstrnint (6..0). Since
all vuriebles are relevant -nd (KTL) is suticfied =t x° with X° = 1, it

follows from Theorem 1 that io is the conctruined moximum. Theretore, 50

o
certainly 1s a loctl comstrained muximum of r(x) subject to r % = i‘;’xo, ror

r e}
)

viich the cenditions (-1)"D_ 2 ¢ re necessury.’= By continuity, thic

candition ulso holds when x° bt one or more comronents theat .re equel to
sero. 22/

In Purt V, we discussed » nececsiry conaition lor the queci-concavity
of a function of the [crm

n
6.22 (x) = & (x,).
( ) g(x) E &y xi)

2:, Bee (5], ibid.
23. lat x* > 0 und x(t) = (1 - t)x° + tx*. Then x(t) “C far t - ¢
vhence (-1)"Dr(t) 2 0 far t> O, vhere D (t) 18 D, evuluated ut the point

x(t). From this it follows that (-1)’Dr(o) > 0.
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We now epply Theorem 4 to obtuin 1 necesaury; wnd urficfent coniltion. In

this case, g, = C far i £ 3. Llet g8, €y g =B and let
1) i 11
T’l
(6. 23) P =T g
T g !

Then, by expension of Dr’ it is ey to see that

(6.24) D_ = -(g;_) Pt g; D. _ -

If e woowm:, for simplicity, thot 51 # C for ‘Al 4, then
D /P = -(g))/&l+ (D, _ /P, _ )
Stnce D /P, = -(gi)"')/gi, 1t ensily follows by induction tht,
r 7}
(6.29) (-1 /(1P = -1 (2] /e
121
If g, < O for all 1, thm (-1)rpr > 0 for all r und the right-hand
side of (6.25) 1s positive, irom which it follows that (-1)"1)r ~ 0 far all
r, und g(x) is quasi-concave, indeed cancave.
Suppose g'i' 0 for two or more v:lues of 1. By renumbering, we muy
suppose that g:'l' SOy g; - C. Then P, ~ 0. From (G.25), withr = 2, we
will have D, < O, so that g(x) 1 not guusi-conc.ve.

In the remaining cuse, g‘i ~ 0 for exactly onc volue of i, we muy supposc,

(6.26) g'i < ¢ (1 < n), 6;1 F
Then,
(6.27) (-1)p_ 0 (r <), -0"% < o.

The right-hand side of {6.29) is positive ror r - n. with the uid or (6.2;)

we have that (--l):.Dr >Ctforr - n. To insure quesi=concavity, it 1ic
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sufficient that, (-1)"1)n > 0. In view of (6.27) and (6.25), this is equi-

valent to,
a 2

(6.28) L (gg)"/ef >o.
d=g

8ince the first n-1 terms are negative, this me.ns thet the lust term must
outwveigh them 211, or that gn mst be cufficiently small relative to (gr'l)g.
This pluces an upper limit on the permissible rute of increasing returns
in the nth process. The stroanger the rite of diminishing returnc in the
other processes, ths grecter is the permissible rote of increuasing returnc

in the nth process.
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